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A LOWER BOUND ON THE STABLE 4-GENUS OF KNOTS
DAMIAN ILTGEN
Abstract. We present a lower bound on the stable 4-genus of a knot
based on Casson-Gordon τ -signatures and compute the lower bound for
an infinite family of knots, the twist knots.
1. Introduction
In 2010, Charles Livingston [14] introduced a new knot invariant called
the stable 4-genus gst of a knot K, which is defined as
gst(K) = lim
n→∞
g4(nK)
n
,
where nK denotes the n-fold connected sum K# · · ·#K and g4 is the (topo-
logical) 4-genus.1 Recall that the 4-genus of a knot K is defined as the mini-
mal genus over all properly embedded and locally flat surfaces Σ ⊂ B4 with
∂Σ = K.
In general, it is rather difficult to compute the stable 4-genus of a knot.
Most of the knot invariants that give bounds on the 4-genus, such as the
Levine-Tristram signature σK(ω) [12, 19], are additive under connected sum,
meaning that they cannot yield stronger bounds on gst than on g4.
More promising in the study of the stable 4-genus are Casson-Gordon
invariants [2, 3]. For instance, Livingston used them in [14] to show that a
specific satellite construction yields knots whose stable 4-genus is close to but
not greater than 1/2. Note that it is an open question whether there exists a
knot K such that 0 < gst(K) < 1/2, a problem that is closely related to the
question about finding torsion greater than 2 in the knot concordance group
C. In this paper, we use Casson-Gordon invariants once more to construct a
lower bound on gst. Our results show that already a simple family of knots,
the twist knots, contains an infinite subfamily with stable 4-genus close to
but not greater than 1/2. The main results are as follows.
Theorem 6 (Main Theorem). LetK be a knot with d-fold branched cover
Xd where d is a prime-power. Further, let p be any prime. If the rational
numbers L1, L2, . . . , Lm (defined below) have the same sign, then
gst(K) ≥ t · L
4d(p− 1) + 2(d− 1)L,
where t := dimH1(Xd;Fp) and L := minj=1,...,m |Lj |.
1Throughout this paper, we will work in the topological category.
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Here, the numbers Lj , j = 1, . . . ,m, are defined as
Lj :=
∑
χ∈Aj
σ1(τ(K,χ)) ∈ Q,
where A1, . . . , Am ⊂ H1(Xd;Fp) are the one-dimensional subspaces of
H1(Xd;Fp), and σ1(τ(K,χ)) is the Casson-Gordon τ -signature correspond-
ing to χ (cf. Section 2.2 and Definition 3).
The strength of the bound in Theorem 6 depends on the choice of d and p.
However, t ·L/(4d(p−1)+2(d−1)L) is bounded from above by t/(2(d−1)),
so a priori the best bounds are obtained in the case d = 2, i.e. when working
with the double branched cover X2. Note that if one of the numbers Lj is
zero, then also L = 0 and Theorem 6 will yield the trivial bound gst(K) ≥ 0.
The main theorem is an immediate consequence of the following proposition.
Proposition 5. With the same assumptions as in Theorem 6, we have
g4(nK) ≥ nt · L
4d(p− 1) + 2(d− 1)L
for any n ∈ N.
As a sample application, we compute the lower bound given by Theorem 6
with d = 2 for an infinite family of knots, the twist knots Kn (see Figure 1
below). The result is as follows.
n full twists
Kn
Figure 1. The twist knot Kn
Corollary 8. Let Kn be the twist knot with n ∈ N full right hand twists
and p a prime dividing 4n+ 1. Then
gst(Kn) ≥
{
(pq+q−6)
2(pq+q+18) , (p− 1)/2 even
p2q−6p−q−6
2(p2q+18p−q−30) , (p− 1)/2 odd,
where q = (4n+ 1)/p.
While Corollary 8 is directly obtained from the main theorem, the bounds
are not particularly easy to grasp. By estimating further from below, we
obtain a single bound which is weaker but easier to grasp and holds for all
twist knots Kn simultaneously.
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Corollary 9 (Cor. 8, weakened). Let Kn, n ∈ N, be any twist knot.
Then
gst(Kn) ≥ 1
2
− 6
2n+ 7
.
It is straightforward to see that for growing n, the bound given in Corollary
9, and in fact also the stronger bounds in Corollary 8, tend towards 1/2. This
means in particular that our bounds for the twist knots lie in the interval
[0, 12). Since the Levine-Tristram signatures of all twist knots vanish, these
are the best bounds that we currently know.
Note that the first three twist knots K0, K1 and K2 form a special case.
Casson and Gordon proved [2, 3] that the unknot K0 and the so-called Steve-
dore knotK2 are the only slice knots among the twist knots, and so the stable
4-genus ofK0 andK2 vanishes. The knotK1 represents the figure-eight knot,
and it is well known that the figure-eight has order 2 in the knot concordance
group C. It follows that the stable 4-genus of K1 vanishes as well. This co-
incides with the trivial bound obtained from Corollary 8 in those cases. In
fact, K0, K1 and K2 are the only twist knots with L = 0 (see Section 4),
which means that for any other twist knot, a non-trivial lower bound can be
obtained from Corollary 8 (resp. Theorem 6). This establishes the following
remark.
Remark. Let Kn, n ∈ N, be any twist knot. Then
Kn torsion in C ⇐⇒ gst(Kn) = 0.
It is not known whether this holds for arbitrary knots K.
Problem (Livingston [14]). Given a knot K, does gst(K) = 0 imply that
K is torsion in the knot concordance group C?
A recent result by Baader and Lewark [1] shows that gst(Kn) ≤ 2/3 for
every n ∈ N. In fact, this bound can be improved for certain n as will be
shown in Section 4.4.
Proposition 10. Let n ∈ N such that the negative Pell equation
x2 − (4n+ 1)y2 = −1 has a solution x, y ∈ Z. Then
gst(Kn) ≤ 1
2
.
As shown in [18], the negative Pell equation x2 − (4n + 1)y2 = −1 has
a solution if and only if the continued fraction of
√
4n+ 1 has odd period
length. This is the case, for example, if 4n+ 1 = pk, where p is a prime such
that p ≡ 1 mod (4) and k ∈ N is odd [18]. This yields the infinite family of
twist knots whose stable 4-genus is close to but not greater than 1/2.
1.1. Smooth vs. Topological Setting. We would like to make a short
remark about the situation in the smooth setting. Since the smooth stable
4-genus is always greater or equal than the topological stable 4-genus, our
result also applies in the smooth setting. When it comes to potential lower
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bounds obtained by smooth knot invariants such as the Rassmusen s- and
τ -invariant, or the Ozsávth-Stipsicz-Szabó Υ-invariant, we face the same
problem as with the Levine-Tristram signatures in the topological setting:
all these invariants are additive under connected sum. In particular, no
better lower bounds in the smooth (and topological) setting are known.
Regarding the results about twist knots, Corollary 8 still holds in the
smooth setting. This is no longer true for Proposition 10: the upper bound
is obtained by using machinery that is exclusive to the topological setting
and is therefore no longer valid. However, a result by Baader and Lewark
[1] implies that the smooth stable 4-genus of twist knots is strictly smaller
than 1, so we can still say that it is contained in the interval [0, 1). Since
our lower bounds also hold in the smooth setting, we can further say that
K0, K1 and K2 are the only twist knots with smooth stable 4-genus equal to
zero. Other information is not known. In particular, we cannot tell whether
the topological and smooth stable 4-genus of twist knots coincide or not,
except in the case of K0, K1 and K2 where they are the same. This raises
the following open question.
Problem. Compute gst(Kn) for any twist knot Kn, n ≥ 3.
Twist knots form one of the simplest family of knots. The fact that we
don’t know the exact value of the stable 4-genus for any twist knot (other
than the first three) shows how difficult it is to determine gst in general.
1.2. Organization. The paper is structured as follows. In Section 2, we
state the tools and definitions needed in later parts. Section 3 forms the
main part of the paper and is occupied with the proof of Proposition 5 and
Theorem 6. In Section 4, we compute the lower bound for gst for the twist
knots Kn and show that there is an infinite subfamily with stable 4-genus
close to but not greater than 1/2.
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2. Preliminaries
The purpose of this section is to briefly review the definitions and notions
of the objects that are used throughout the paper. References include [2, 3,
4, 10, 9, 15].
A LOWER BOUND ON THE STABLE 4-GENUS OF KNOTS 5
2.1. Linking forms and metabolizers. We follow the definitions of [9].
Let G be a finite abelian group. A linking form on G is a symmetric bilinear
map
α : G×G→ Q/Z
which is non-degenerate, i.e. the correlation map c : G → Hom(G,Q/Z) is
an isomorphism. If H ⊆ G is a subgroup, define
H⊥ := {g ∈ G | α(g, h) = 0 ∀ h ∈ H}.
If there is a subgroup H ⊆ G such that H = H⊥, then α is called metabolic
and H is called a metabolizer. If H is a metabolizer for α, then
|H|2 = |G|,
which is a consequence of H = H⊥ and c being an isomorphism.
It will be convenient for our purposes to consider the above in a slightly
different setting. Given a prime p, let V be a finite-dimensional vector space
over Fp, the finite field with p elements. If V can be embedded in G as a finite
abelian group, then α induces a linking form α on V in the following way.
After choosing an embedding ϕ : V ↪→ G, we define α to be the restriction
of α to the subgroup ϕ(V ) ⊆ G. In other words,
α := α ◦ (ϕ× ϕ).
Note that the subgroup ϕ(V ) consists only of p-torsion. In general, the in-
duced form α depends on the chosen embedding ϕ and will no longer be
non-degenerate. However, any two forms obtained in this way are isomet-
ric provided that their domains are the same: if ϕ1, ϕ2 : V ↪→ G are two
embeddings with ϕ1(V ) = ϕ2(V ) inducing the forms α1, α2, then
f : (V, α1)→ (V, α2), f = ϕ−12 ◦ ϕ1
defines an isometry between them. Given such an induced form α, we can
similarly define F⊥ for a given subspace F ⊆ V . If F is such that F = F⊥,
then F will be called a generalized metabolizer for α. If F is a generalized
metabolizer, then
2 dimF ≥ dimV.
In particular, a generalized metabolizer F can consist of the entire space V .
2.2. Casson-Gordon invariants and τ-signatures. LetK be a knot with
d-fold branched cover Xd, where d is a power of a prime. Given a character
χ : H1(Xd;Z)→ Q/Z, Casson and Gordon [2, 3] defined in the 70’s an invari-
ant τ(K,χ) which is an element in the rationalized Witt group W (C(t))⊗Q
(cf. [2, 3, 4] for the definition, for instance). This invariant yields an obstruc-
tion to the sliceness of a knot [2], and one of the most famous applications
is the proof that the only slice knots among the twist knots are the unknot
and the Stevedore knot [2, 3].
Given λ ∈ S1, there is a signature homomorphism σλ : W (C(t))⊗Q→ Q
(cf. [2, 4]) that can be used to obtain further results about the 4-genus of a
knot when applied to the Casson-Gordon invariant τ(K,χ).
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In order to state one of our main tools throughout the paper, we need to
define a certain linking form β on H1(Xd;Q/Z) which is closely related to
the geometric linking form l on H1(Xd;Z). The definition is as follows. Let
ξ : H1(Xd;Z) → H2(Xd;Q/Z) be the Bockstein homomorphism associated
to the short exact sequence 0 → Z → Q → Q/Z → 0 of coefficients in
cohomology. Note that ξ is in fact an isomorphism since Xd is a rational
homology sphere. Let Φ be the composition
H1(Xd;Z)
PD−1→ H2(Xd;Z) ξ
−1
→ H1(Xd;Q/Z) ev→ Hom(H1(Xd;Z),Q/Z),
where PD is Poincaré duality, ξ−1 is the inverse of the Bockstein map, and
ev is the Kronecker evaluation map (see [5] for more details). The geometric
linking form l is defined as
l : H1(Xd;Z)×H1(Xd;Z)→ Q/Z, l(a, b) = Φ(a)(b).
Finally, we define β to be the form
β : H1(Xd;Q/Z)×H1(Xd;Q/Z)→ Q/Z, β(x, y) = −l(ν(x), ν(y)),
where ν := PD◦ξ. SinceH1(Xd;Q/Z) ∼= Hom(H1(Xd;Z),Q/Z) by universal
coefficients, β can be seen as the dual form of the geometric linking form l
on (H1(Xd;Z))∗ = Hom(H1(Xd;Z),Q/Z). The following theorem is due to
Gilmer [9].
Theorem 1 (Gilmer). Let K be a knot with g4(K) = g. Then
(H1(Xd;Q/Z), β) splits as direct sum (B1 ⊕B2, β1 ⊕ β2) such that:
(1) β1 has an even presentation of rank 2(d− 1)g;
(2) β2 has a metabolizer H such that for every χ ∈ H of prime-power
order the following inequality holds:
|σ1(τ(K,χ))−
d−1∑
s=1
σ s
d
(K)| ≤ 2dg.
Here, σ s
d
(K) denotes the Levine-Tristram signature of K associated to
e
2piis
d ∈ S1. The signature σ1(τ(K,χ)) is sometimes referred to as the Casson-
Gordon τ -signature of K.2
It will be convenient for our purposes to consider only elements in
H1(Xd;Q/Z) (resp. H) that have prime order. For this, let p be any prime
(for example one that divides the order of H1(Xd;Q/Z)), and consider the
vector space H1(Xd;Fp). Using the canonical embedding ψ : Fp → Q/Z,
1 7→ 1p we obtain a diagram that defines an embedding ϕ of H1(Xd;Fp) into
H1(Xd;Q/Z) as follows:
2Not to be confused with the Casson-Gordon signature, which is usually reserved for
the invariants defined in [3].
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H1(Xd;Q/Z) Hom(H1(Xd;Z),Q/Z)
H1(Xd;Fp) Hom(H1(Xd;Z),Fp).
∼=
ϕ
∼=
ψ˜
Here, the two horizontal isomorphisms are given by the universal coefficient
theorem and ψ˜ is the map induced by postcomposition with ψ. As de-
scribed in Section 2.1, the linking form β now induces a linking form β on
H1(Xd;Fp) by setting β := β ◦ (ϕ × ϕ). Note that this form will in gen-
eral no longer be non-degenerate. Note that ϕ(H1(Xd;Fp)) forms the entire
p-torsion subgroup of H1(Xd;Q/Z). Since ϕ is injective, we can uniquely
identify the elements of H1(Xd;Fp) with the elements of H1(Xd;Q/Z) of
order p. In particular, we obtain a well-defined Casson-Gordon τ -signature
for the elements in H1(Xd;Fp) by setting σ1(τ(K,χ)) := σ1(τ(K,ϕ(χ)) for
χ ∈ H1(Xd;Fp). This allows us to translate Theorem 1 into this setting as
follows.
Corollary 2. Let K be a knot with g4(K) = g and p a prime. Then
(H1(Xd;Fp), β) splits as a direct sum (G1 ⊕G2, γ1 ⊕ γ2) such that:
(1) the dimension of G1 over Fp is at most 2(d− 1)g;
(2) γ2 has a generalized metabolizer F such that for every χ ∈ F , the
following inequality holds:
|σ1(τ(K,χ))−
d−1∑
s=1
σ s
d
(K)| ≤ 2dg. (∗∗)
The most important difference is that the inequality (∗∗) now holds for
every χ ∈ F , meaning that we no longer have to make the distinction between
elements of arbitrary order and prime-power order.
We conclude this section with a short remark about connected sums. As
before, let Xd be the d-fold branched cover of K where d is a prime-power
and consider the n-fold connected sum nK. The d-fold branched cover of
nK is a connected sum of n copies of Xd, and the first cohomology splits
accordingly. Gilmer [2] showed that if χ = (χ1, . . . , χn) ∈ H1(nXd;Q/Z),
then
τ(nK,χ) =
n⊕
i=1
τ(K,χi).
In particular, we have that
σλ(τ(nK,χ)) =
n∑
i=1
σλ(τ(K,χi))
since σλ is a homomorphism. In short, Casson-Gordon invariants and τ -
signatures behave well under connected sum. Note that the above also holds
with Fp-coefficients instead of Q/Z-coefficients.
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3. Main Result
Let K be a knot with d-fold branched cover Xd, where d is a prime-
power, and p a prime. Consider the vector space H1(Xd;Fp). Every element
χ ∈ H1(Xd;Fp) can be considered as a map χ : H1(Xd;Z)→ Fp via universal
coefficients, and to each such element there is the Casson-Gordon τ -signature
σ1(τ(K,χ)) as mentioned in Section 2.2. Since H1(Xd;Fp) is finite, there
are only finitely many Casson-Gordon τ -signatures. We make the following
definition.
Definition 3. Let A1, A2, . . . , Am ⊂ H1(Xd;Fp) be the one-dimensional
subspaces of H1(Xd;Fp). For j = 1, . . . ,m, define
Lj :=
∑
χ∈Aj
σ1(τ(K,χ)) ∈ Q.
Moreover, we set L := minj=1,...,m |Lj |.
Proposition 4. Let K be a knot. If the rational numbers L1, L2, . . . , Lm
have the same sign and L 6= 0, then for any given g ∈ N, there exists some
N ∈ N such that g4(nK) > g for all n ≥ N .
Proof. Fix some g ∈ N and consider the connected sum nK for some n ∈ N.
If one of the Levine-Tristram signatures σ s
d
(K) is non-zero, then there is the
Murasugi-Tristram bound g4(nK) ≥ n2 |σ sd (K)| [16, 19], so we may assume
in the following that
∑d−1
s=1 σ sd (K) = 0.
Recall Corollary 2: If g4(nK) = g, then (H1(nXd;Fp), β) splits as a
direct sum (G1 ⊕ G2, γ1 ⊕ γ2), where the dimension of G1 over Fp is at
most 2(d − 1)g, and G2 has a generalized metabolizer F such that for all
χ = (χ1, . . . , χn) ∈ F ,
|σ1(τ(nK,χ))| =
∣∣∣∣ n∑
i=1
σ1(τ(K, k · χi))
∣∣∣∣ ≤ 2dg.
Our goal is to show that by choosing n appropriately, we can find an element
χ ∈ F such that this inequality does not hold.
Observe the following. Since dimFp G1 ≤ 2(d − 1)g and g is fixed, the
dimension of G1 is unchanged when increasing n. On the other hand,
increasing n increases the dimension of G2 since dimFp G1 + dimFp G2 =
dimFp H
1(nXd;Fp), and with it the dimension of F .
The Gauss-Jordan algorithm shows that if dimF = r, then there is at
least one element χ˜ = (χ˜1, . . . , χ˜n) ∈ F with R ≥ r non-zero entries. We
may assume without loss of generality that the first R entries are non-zero,
i.e.
χ˜ = (χ˜1, . . . , χ˜R, 0, . . . , 0︸ ︷︷ ︸
n−R
).
From now on, we fix this element χ˜. Note that k · χ˜ ∈ F for any k ∈ N since
F is a subspace. We are now going to show that there exists a multiple k · χ˜
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whose Casson-Gordon τ -signature can be bounded from below by a value
that depends on n.
As in Definition 3, let A1, . . . , Am ⊆ H1(Xd;Fp) be the one-dimensional
subspaces of H1(Xd;Fp). Write
Aj = {0, φj1, . . . , φjp−1} ⊆ H1(Xd;Fp)
for j = 1, . . . ,m. For every φji there is an associated Casson-Gordon τ -
signature sji := σ1(τ(K,φ
j
i )). In particular, for every component χ˜h, h =
1, . . . , R, there is some j ∈ {1, . . . ,m} and i ∈ {1, . . . , p− 1} such that
χ˜h = φ
j
i ∈ Aj , σ1(τ(K, χ˜h)) = sji .
Let aji denote the number of components in χ˜ with τ -signature s
j
i (see Table
1 below) and set rj :=
∑p−1
i=1 a
j
i .
Signature Count in χ˜
s11 a
1
1
s12 a
1
2
...
...
s1p−1 a1p−1
s21 a
2
1
...
...
s2p−1 a2p−1
s31 a
3
1
...
...
smp−1 amp−1
Table 1. τ -signatures of elements in
⋃
Aj = H
1(Xd;Fp) and their
count in χ˜.
Observe that
aji ≥ 0,
p−1∑
i=1
sji = Lj ,
m∑
j=1
rj = R
for all i = 1, . . . , p − 1 and j = 1, . . . ,m. Recall from Definition 3 that we
defined L := minj=1,...,m |Lj |. We claim the following.
Claim. There exists some 1 ≤ k ≤ p− 1 such that∣∣∣∣ n∑
i=1
σ1(τ(K, k · χ˜i))
∣∣∣∣ ≥ Rp− 1 · L.
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Proof. Consider the elements
χ˜ = (χ˜1, . . . , χ˜R, 0 . . . , 0)
2χ˜ = 2 · (χ˜1, . . . , χ˜R, 0, . . . , 0)
...
(p− 1)χ˜ = (p− 1) · (χ˜1, . . . , χ˜R, 0, . . . , 0).
For ` = 1, . . . , p − 1, let aji,` denote the number of components in ` · χ˜ with
τ -signature sji (see Table 2 below).
Signature Count in ` · χ˜
s11 a
1
1,`
s12 a
1
2,`
...
...
s1p−1 a1p−1`
s21 a
2
1,`
...
...
s2p−1 a2p−1,`
s31 a
3
1,`
...
...
smp−1 amp−1,`
Table 2. τ -signatures of elements in
⋃
Aj = H
1(Xd;Fp) and their
count in ` · χ˜.
Observe that since everyAj is one-dimensional, the numbers a
j
1,`, . . . , a
j
p−1,`
are just a permutation of aj1, . . . , a
j
p−1 for every j. In fact, by looking at the
multiples ` · χ˜ for ` = 1, . . . , p − 1, we have that for any given aji and sjh,
there is an ` such that aji is the number of components in ` · χ˜ corresponding
to the τ -signature sjh. Therefore, the following equality holds:
p−1∑
`=1
m∑
j=1
p−1∑
i=1
aji,`s
j
i =
m∑
j=1
p−1∑
i=1
( p−1∑
`=1
aji,`
)
sji =
m∑
j=1
p−1∑
i=1
rjs
j
i =
m∑
j=1
rjLj
Since also
(p− 1)
m∑
j=1
p−1∑
i=1
rj
p− 1s
j
i =
m∑
j=1
rjLj ,
we have that
p−1∑
`=1
( m∑
j=1
p−1∑
i=1
(
aji,`s
j
i −
rj
p− 1si
))
= 0.
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Therefore, there has to be some `1, `2 ∈ {1, . . . , p− 1} such that
m∑
j=1
p−1∑
i=1
(
aji,`1s
j
i −
rj
p− 1s
j
i
)
≥ 0 and
m∑
j=1
p−1∑
i=1
(
ai,`2s
j
i −
rj
p− 1s
j
i
)
≤ 0.
Choose k ∈ {`1, `2} such that∣∣∣∣ m∑
j=1
p−1∑
i=1
aji,ks
j
i
∣∣∣∣ ≥ ∣∣∣∣ m∑
j=1
p−1∑
i=1
rj
p− 1s
j
i
∣∣∣∣
Unraveling the notations and using that all Lj have the same sign, we find
that ∣∣∣∣ n∑
i=1
σ1(τ(K, k · χ˜i))
∣∣∣∣ = ∣∣∣∣ m∑
j=1
p−1∑
i=1
aji,ks
j
i
∣∣∣∣
≥
∣∣∣∣ m∑
j=1
p−1∑
i=1
rj
p− 1s
j
i
∣∣∣∣
=
∣∣∣∣ m∑
j=1
rj
p− 1Lj
∣∣∣∣
≥
( m∑
j=1
rj
p− 1
)
· L
=
R
p− 1 · L 
The claim shows that there exists an element k · χ˜ ∈ F such that
|σ1(τ(nK, k · χ˜))| ≥ R
p− 1 · L.
As mentioned earlier, the total number R of non-zero components in χ˜ (or
any multiple of it) depends on the dimension of F , which in turn depends on
n, i.e. the number of summands in the connected sum nK. Since g is fixed,
adding more and more knots to the connected sum increases the dimension
of F . Thus, choose N ∈ N such that the connected sum NK admits a
generalized metabolizer F with dimension r ≤ R satisfying
r
p− 1 · L > 2dg.
Then for any n ≥ N , the connected sum nK admits an element k · χ˜ ∈ F
such that
|σ1(τ(nK, k · χ˜))| ≥ R
p− 1 · L > 2dg,
proving that g4(nK) > g by Corollary 2. 
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Before we continue, let us recall again Definition 3: if A1, . . . , Am ⊂
H1(Xd;Fp) are the one-dimensional subspaces of H1(Xd;Fp), then we define
Lj :=
∑
χ∈Aj
σ1(τ(K,χ)) ∈ Q
for j = 1, . . . ,m.
Proposition 5. Let K be a knot with d-fold branched cover Xd where d
is a prime-power. Further, let p be any prime. If the rational numbers
L1, L2, . . . , Lm have the same sign, then
g4(nK) ≥ nt · L
4d(p− 1) + 2(d− 1)L
for any n ∈ N, where t := dimH1(Xd;Fp) and L := minj=1,...,m |Lj |.
Proof. We wish to determine the maximal number g ∈ N in terms of n
for which the proof of Proposition 4 applies. So suppose that H1(nXd;Fp)
splits as in Corollary 2 for some g ∈ N, and let r = dimF . If L = 0, then
nt·L/(4d(p−1)+2(d−1)L) = 0 and we obtain the trivial bound g4(nK) ≥ 0.
So suppose that L 6= 0. The proof of Proposition 4 showed that if
r
p− 1 · L > 2dg,
then g4(nK) 6= g. Since dimG2 ≥ nt − 2(d − 1)g, we know that r ≥
(nt− 2(d− 1)g)/2, so
r
p− 1 · L ≥
nt− 2(d− 1)g
2(p− 1) · L.
The right-hand side of the last inequality is strictly greater than 2dg if and
only if
g <
nt · L
4d(p− 1) + 2(d− 1)L.
Thus, if
g ≤
⌈
nt · L
4d(p− 1) + 2(d− 1)L
⌉
− 1,
then g4(nK) 6= g by applying the argument in the proof of Proposition 4. It
follows that
g4(nK) ≥ nt · L
4d(p− 1) + 2(d− 1)L
as claimed. 
Theorem 6 (Main Theorem). LetK be a knot with d-fold branched cover
Xd where d is a prime-power. Further, let p be any prime. If the rational
numbers L1, L2, . . . , Lm have the same sign, then
gst(K) ≥ t · L
4d(p− 1) + 2(d− 1)L,
where t := dimH1(Xd;Fp) and L := minj=1,...,m |Lj |.
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Proof. By Proposition 5,
g4(nK) ≥ nt · L
4d(p− 1) + 2(d− 1)L
for any n ∈ N. Therefore
gst(K) = lim
n→∞
g4(nK)
n
≥ lim
n→∞
1
n
· nt · L
4d(p− 1) + 2(d− 1)L
=
t · L
4d(p− 1) + 2(d− 1)L. 
4. Example: Twist Knots
The results from Section 3 are in particular applicable for (classical) genus
one knots, for example the twist knots. This is because for genus one knots,
there is an explicit formula, due to Gilmer, for computing the Casson-Gordon
τ -signature. We proceed by describing this formula in Section 4.1, following
the original source [10]. In the subsequent Sections 4.2 and 4.3, we use this
formula and the results from Section 3 to obtain the lower bound for the
stable 4-genus of twist knots. In the last Section 4.4, we apply a different
technique recently used by Baader and Lewark [1] to obtain an upper bound
for the stable 4-genus of twist knots, yielding the subfamily with gst close to
but not greater than 1/2.
4.1. Gilmer’s formula for Casson-Gordon τ-signatures. The results
in the following section are due to Gilmer [10]. From now on, we will work
exclusively with the double branched cover X2 (see the remark at the end
of Section 4.1). Let K be a knot with Seifert surface F , Seifert pairing
θ : H1(F ;Z)×H1(F ;Z)→ Z, and double branched cover X2. Define
ε : H1(F ;Z)→ H1(F ;Z), x 7→ εx(·) = θ(x, ·) + θ(·, x).
There is an isomorphism
H1(X2;Q/Z) ∼= ker(ε⊗ idQ/Z),
natural up to sign. Given χ ∈ H1(X2;Q/Z), this allows for the identification
χ = x ⊗ sm for some x ∈ H1(F ;Z) and 0 ≤ s < m. Given ω = e
2piis
m ∈ S1,
let σ s
m
(K) denote the Levine-Tristram signature of K associated to ω.
Suppose now that g(F ) = 1, i.e. K is of genus one. If x ∈ H1(F ;Z) is
primitive, let Jx be the knot in S3 obtained by representing x by a simple
closed curve γ on F and then viewing γ as a knot in S3. Note that Jx is
unique up to isotopy since g(F ) = 1. We have the following theorem.
Theorem 7 (Gilmer [10]). Let K be a genus one knot with genus-minimal
Seifert surface F and ordinary signature σ(K). If χ = x⊗ sm ∈ H1(F ;Q/Z),
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where 0 < s < m, m is a prime-power, and x is primitive, then
σ1(τ(K,χ)) = 2σ s
m
(Jx) +
4(m− s)s
m2
θ(x, x) + σ(K).
Using Theorem 7, the computation of Casson-Gordon τ -signatures for
genus one knots boils down to the computation of generators of ker(ε⊗idQ/Z),
and then identifying the corresponding knots Jx and their Levine-Tristram
signature.3
Remark. Gilmer’s formula for the Casson-Gordon τ -signatures of genus one
knots in [10] is stated in terms of the double branched cover X2. It is worth
to note that generalizations of this formula to higher branched covers exist
[8, 11, 17]. However, since the double branched cover is the most accessible
and since our formula for the stable 4-genus yields a priori the best result
for d = 2, we continue our computations for the twist knots with the double
branched cover X2.
4.2. Casson-Gordon τ-signatures of twist knots. The main actors in
the remaining sections are the twist knots. Given n ∈ N, we will denote by
Kn the twist knot with n full right hand twists, as depicted below.
n full twists
Kn
Figure 2. The twist knot Kn
The double branched cover of Kn is the lens space L(4n + 1, 2), with
Q/Z-(co-)homology
H1(X2;Q/Z) ∼= H1(X2;Q/Z) ∼= Z4n+1.
Given χ ∈ H1(X2;Q/Z), there is the Casson-Gordon invariant τ(Kn, χ) and
the associated Casson-Gordon τ -signature σ1(τ(Kn, χ)). Since g(Kn) = 1 for
all n ∈ N, we can use Gilmer’s formula (cf. Theorem 7 above) to compute the
τ -signatures of the twist knots. We would like to note at this point that the
following computations have already appeared in the literature previously in
greater generality [11]. However, for the sake of completeness and because
we use slightly different conventions, we chose to perform the computations
once more.
3There is also a result about Casson-Gordon τ -signatures for knots with higher genus,
see Theorem 3.4 in [10]. However, this result yields in general only an inequality for
τ -signatures.
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Let Fn be the genus-one Seifert surface for Kn with a and b as a basis for
the first homology as shown in Figure 3 below.
n curls
Fn
a
b
Figure 3. The Seifert surface Fn for Kn with a basis for H1(Fn;Z)
In this setting, the Seifert matrix of Kn takes the form
An =
(−1 1
0 n
)
We are interested in finding generators for ker(ε ⊗ idQ/Z) ∼= H1(X2;Q/Z).
Since H1(X2;Q/Z) ∼= Z4n+1 is a finite cyclic group of order 4n + 1, any
element of order 4n + 1 in this kernel will form a generating set. Let x =
(1, 2) ∈ H1(Fn;Z). We claim that the element
x⊗ 1
4n+ 1
=
(
1
2
)
⊗ 1
4n+ 1
∈ H1(F ;Z)⊗Q/Z
is of order 4n + 1 and contained in ker(ε ⊗ idQ/Z). The former assertion is
clear. To see the latter, note that given any y = (y1, y2) ∈ H1(Fn;Z), we
have that
εx(y) = x
>Any + y>Anx = (4n+ 1)y2,
showing that (ε⊗ idQ/Z)(x⊗ 14n+1) is zero in H1(Fn;Z)⊗Q/Z.
The next step consists of representing x = (1, 2) as a simple closed curve
on Fn and determing what knot Jx this curve represents in S3. Figure 4
below shows this proccess. It turns out that the element x represents a
(2, 2n+ 1)-torus knot in S3, i.e. Jx = T (2, 2n+ 1).
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n curls
Fn S3
S3S3
x
Jx = T (2, 2n+ 1)
2n+ 1 crossings
x
Figure 4. The element x = (1, 2) ∈ H1(Fn;Z) represents a
(2, 2n+ 1)-torus knot in S3
We have now all ingredients to compute the Casson-Gordon τ -signatures
from Theorem 7. Assume for the moment that 4n + 1 is a power of a
prime, so that every element in H1(X2;Q/Z) has prime-power order. Given
χ = x⊗ s4n+1 ∈ H1(X2;Q/Z), 0 < s < 4n+ 1, we get
σ1(τ(Kn, χ)) = σ s
4n+1
(T (2, 2n+ 1)) +
4((4n+ 1)− s)s
(4n+ 1)2
θ(x, x) + σ(Kn)
= σ s
4n+1
(T (2, 2n+ 1)) +
4((4n+ 1)− s)s
4n+ 1
since θ(x, x) = 4n + 1 and σ(Kn) = 0 for all n ∈ N. The Levine-Tristram
signatures of (2, 2n + 1)-torus knots are well-known and readily computed
(see for instance [13]). Thus, overall we obtain
σ1(τ(Kn, χ)) =
{
−4 ⌈ s2⌉+ 4((4n+1)−s)s4n+1 , s = 1, . . . , 2n
−4 ⌈4n+1−s2 ⌉+ 4((4n+1)−s)s4n+1 , s = 2n+ 1, . . . , 4n. (†)
Table 3 below shows the Casson-Gordon τ -signatures for the twist knot K6.
Notice the symmetry of the values about 12.
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Element Signature
0 0
1 −0.16
2 3.36
3 2.56
4 5.44
5 4
6 6.24
7 4.16
8 5.76
9 3.04
10 4
11 0.64
12 0.96
Element Signature
13 0.96
14 0.64
15 4
16 3.04
17 5.76
18 4.16
19 6.24
20 4
21 5.44
22 2.56
23 3.36
24 −0.16
Table 3. Elements in H1(X2;Q/Z) ∼= Z25 and their correspond-
ing Casson-Gordon τ -signatures for the twist knot K6
Suppose now that 4n + 1 is a general number, not necessarily a prime-
power. It is still true that the right-hand side of the equation for the Casson-
Gordon τ -signature given by Theorem 7 is equal to the right-hand side of (†)
for twist knots. However, the whole equation (†) only holds if the correspond-
ing character χ has prime-power order. So the best way to get information
about the Casson-Gordon τ -signature of an arbitrary twist knot is to study
the right-hand side of (†), and keep in mind that it is equal to σ1(τ(Kn, χ))
if and only if the corresponding character has prime-power order.
In general, the values of the two formulas for σ1(τ(Kn, χ)) in (†) are
symmetric about 2n. Thus, it suffices to consider only the first formula and
take symmetry into account. We will do so in the following section.
4.3. Lower bound for the stable 4-genus of twist knots. We proceed
by computing the lower bound for gst(Kn) from our results in Section 3. Let
p be a prime dividing 4n+ 1. Since H1(X2;Q/Z) is finite cyclic, H1(X2;Fp)
is one-dimensional, hence there is only one number
L1 =
∑
χ∈H1(X2;Fp)
σ1(τ(K,χ)).
In particular, |L1| = L. Observe that if p appears with exponent k in the
prime-decomposition of 4n+ 1, then the elements of H1(X2;Fp), considered
as elements in Z4n+1, are 0, q, 2q, . . . , (p − 1)q with q = (4n + 1)/p. Then,
using the symmetry of the Casson-Gordon τ -signatures for the twist knots,
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we obtain
L = 2
(p−1)/2∑
s=1
−4
⌈sq
2
⌉
+
4((4n+ 1)− sq)sq
4n+ 1
= q(p− 1)(p+ 1)−
(
pq2(p− 1)(p+ 1)
3(4n+ 1)
)
−
(p−1)/2∑
s=1
8
⌈sq
2
⌉
=
2
3
q(p2 − 1)−
(p−1)/2∑
s=1
8
⌈sq
2
⌉
. (‡)
To evaluate the remaining sum, we distinguish two cases. If (p−1)/2 is even,
then
(p−1)/2∑
s=1
8
⌈sq
2
⌉
=
(p−1)/4∑
i=1
8
(
iq +
(2i− 1)q + 1
2
)
= (1− q)(p− 1) + q(p− 1)(p+ 3)
2
=
1
2
(p− 1)(pq + q + 2).
On the other hand, if (p− 1)/2 is odd, then
(p−1)/2∑
s=1
8
⌈sq
2
⌉
=
( (p−3)/4∑
i=1
8
(
iq +
(2i− 1)q + 1
2
))
+ 4q
(
p− 1
2
+ 1
)
=
q(p− 3)(p+ 1)
2
+ (p− 3)(1− q) + 2q(p− 1) + 8
=
1
2
(p2q + 2p− q + 2).
Putting this into the equation (‡) above and simplifying further, we overall
obtain
L =
{
1
6(p− 1)(pq + q − 6), (p− 1)/2 even
1
6(p
2q − 6p− q − 6), (p− 1)/2 odd .
Note that p = 2 cannot occur since 4n + 1 is always odd, so we covered all
cases above. It is not hard to see that L ≥ 0 for all primes p ≥ 3. Therefore,
we can apply Theorem 6 and obtain the following.
Corollary 8. Let Kn be the twist knot with n ∈ N\{0, 2} full right hand
twists and p a prime dividing 4n+ 1. Then
gst(Kn) ≥
{
(pq+q−6)
2(pq+q+18) , (p− 1)/2 even
p2q−6p−q−6
2(p2q+18p−q−30) , (p− 1)/2 odd ,
where q = (4n+ 1)/p. 
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Remark. One can check from the previous computations that K0, K1 and
K2 are the only twist knots with L = 0. This means that that a non-trivial
lower bound for gst can be obtained from Corollary 8 (resp. Theorem 6) for
any twist knot Kn with n ≥ 3. The unknot K0 and the Stevedore knot K2
are slice, and the figure-eight K1 represents torsion in the knot concordance
group C. It follows that
Kn torsion in C ⇐⇒ gst(Kn) = 0
for all n ∈ N. It is an open question whether gst(K) = 0 implies that K is
torsion in the knot concordance group C for arbitrary knots K.
It is important to note that the strength of the lower bound in Corollary 8
depends on the choice of prime factor p; a priori, there is no preferred choice
of p to obtain the strongest bound. In order to obtain the best result, one
has to compute the lower bound for all primes p in the prime decomposition
of 4n+ 1 and then compare. In Table 4 below we have computed the lower
bounds given by Corollary 8 for the twist knots K5, K11, K16, K21 and K400.
Kn \ p 3 5 7 13 17 89 4n+ 1
K5 1/5 0 1/5 0 0 0 21 = 3 · 7
K11 1/3 1/3 0 0 0 0 45 = 5 · 9
K16 0 3/8 0 4/11 0 0 65 = 5 · 13
K21 0 2/5 0 0 7/18 0 85 = 5 · 17
K400 22/45 0 0 0 0 67/138 801 = 9 · 89
Table 4. Examples of lower bounds for the stable 4-genus of twist
kntos obtained from Theorem 6
While the bounds in Corollary 8 are directly obtained from the main the-
orem and are the strongest that we currently know, they are not particularly
easy to grasp. By estimating further we obtain a weaker result that holds
for all twist knots simultaneously and is easier to grasp.
Corollary 9 (Cor. 8, weakened). Let Kn, n ∈ N, be any twist knot.
Then
gst(Kn) ≥ 1
2
− 6
2n+ 7
.
Proof. The result is obtained by estimating the two bounds given in Corol-
lary 8. Recall that p is a prime dividing 4n+ 1 and q = (4n+ 1)/p. Observe
that 3 ≤ p ≤ 4n+ 1, 1 ≤ q ≤ (4n+ 1)/3, and pq = 4n+ 1.
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1.) In the first case of Corollary 8, we have
gst(Kn) ≥ pq + q − 6
2(pq + q + 18)
=
pq + q + 18
2(pq + q + 18)
− 24
2(pq + q + 18)
=
1
2
− 12
4n+ q + 19
≥ 1
2
− 3
n+ 5
.
The last inequality is obtained by estimating q from below with 1.
2.) In the second case of Corollary 8, we have
gstKn ≥ p
2q − 6p− q − 6
2(p2q + 18p− q − 30)
=
1
2
− 12(p− 1)
p2q + 18p− q − 30
=
1
2
− 12(p− 1)
(4n+ 1)p+ 18p− q − 30
=
1
2
− 12
4n+ q + 19− 12p−1
≥ 1
2
− 6
2n+ 7
.
The third equality is obtained by using
(4n+ 1)p+ 18p− q − 30 = (4n+ 1)p+ 18p− 4n+ 1− 18
+ pq − q − 12
= (p− 1)
(
4n+ 1 + q + 18− 12
p− 1
)
,
while the last inequality is obtained by estimating q from below with 1
and 12/(p− 1) from above with 12/2 by using p ≥ 3.
Comparing the lower bounds obtained in 1.) and 2.), we see that
1
2
− 3
n+ 5
≥ 1
2
− 6
2n+ 7
for all n ∈ N, and the result follows. 
It is immediate from Corollary 9 that for growing n, the bound tends
towards 1/2. This implies that also the stronger bounds in Corollary 8 tend
towards 1/2 as n grows, since 1/2 is an upper bound for the lower bound
in the main theorem. We will use this fact in the next section to show that
there exists an infinite subfamily of twist knots with stable 4-genus close to
but not greater than 1/2.
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4.4. Twists knots with stable 4-genus close to but not greater
than 1/2. A recent result by Baader and Lewark [1] implies that
gst(Kn) ≤ 2/3 for any n ∈ N (cf. Lemma 5 in [1]). The idea is to take
the three-fold connected sum 3Kn with Seifert surface 3Σ, where Σ is a
genus-minimal Seifert surface for Kn, and find a subgroup of rank two of
H1(3Σ;Z) on which the Seifert form has the matrix(
0 1
0 c
)
(∗)
for some c ∈ Z. As the proof of Lemma 5 in [1] shows, one can always find
such a subgroup when taking at least three copies of Kn. In this setting,
Baader and Lewark show that one can achieve a situation in which Freed-
man’s disc theorem [6, 7] can be applied to obtain g4(3Kn) ≤ g(3Kn)−1 = 2,
implying that gst(Kn) ≤ 2/3.
A natural question that arises is under what conditions one can find such
a subgroup of rank two starting with two copies of the knot instead of three.
Thus, let Kn be any twist knot with its standard genus-one Seifert surface
Σ and Seifert matrix
A =
(
1 1
0 −n
)
.
The two-fold connected sum 2Kn has then 2Σ as a Seifert surface with Seifert
matrix the block sum A¯ := A⊕A. Consider the vectors
v = (0, 1, 0, 0)>, w = (1, 0, x, y)> ∈ H1(2Σ;Z),
where x, y ∈ Z are yet to be found. Independent of the choice of x and y,
we have
v>A¯w = 1, w>A¯v = 0, w>Aw = c,
for some c ∈ Z. Thus, it remains to find x, y ∈ Z such that v>A¯v = 0. We
have
v>A¯v = x2 + xy − ny2 = −1.
Similar to the proof of Lemma 4 in [1], we complete the square to obtain
x2 + xy − ny2 =
(
x+
y
2
)2 − (4n+ 1)(y
2
)2
= x2 − (4n+ 1)y2,
where in the last equation we substituted y = y/2 and x = x+y. We obtain
v>A¯v = 0 ⇐⇒ x2 − (4n+ 1)y2 = −1.
The equation x2 − (4n + 1)y2 = −1 is generally known as a negative Pell
equation. If this equation has a solution x, y ∈ Z, then setting x = x − y
and y = 2y in v gives us a vector such that v>A¯v = 0. It follows that the
Seifert form of 2Kn restricted to the rank-two subgroup spanned by v and
w is of the form (
0 1
0 c
)
.
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Proceeding as in the proof of Lemma 5 in [1], we obtain
g4(2Kn) ≤ 1 =⇒ gst(Kn) ≤ 1
2
,
provided that for 4n + 1, the negative Pell equation has an integer valued
solution. We summarize the above observations in the following proposition.
Proposition 10. Let n ∈ N such that the negative Pell equation
x2 − (4n+ 1)y2 = −1 has a solution x, y ∈ Z. Then
gst(Kn) ≤ 1
2
. 
As mentioned in the introduction, a necessary and sufficient condition for
the existence of a solution of the negative Pell equation is that the continued
fraction of
√
4n+ 1 has odd period length [18]. This is the case, for example,
if 4n + 1 = pk, where p is a prime such that p ≡ 1 mod 4 and k ∈ N [18].
This yields, together with the lower bound given in Corollary 8, the infinite
subfamily of twist knots with gst close to but not greater than 1/2.
Note that in the approach above, we specified two explicit vectors v and
w and derived a sufficient condition for them to span a rank-two subgroup
on which the Seifert matrix has the desired form (∗). A natural question
to ask is under what circumstances such a subgroup exists in general. In-
deed, although the solubility of the negative Pell equation is a sufficient
condition, it is not necessary. For example, if n = 51, then 4n + 1 = 205,
but x2 − 205y2 = −1 has no solution. Yet, the Seifert form of 2K51 re-
stricted to the rank-two subgroup spanned by the vectors (13, 2, 3, 0)> and
(14, 2,−2, 1)> gives the desired matrix (∗), so gst(K51) ≤ 1/2.
More generally, there might also be other, different methods to obtain the
upper bound given by 1/2. We do not know of a full characterization of twist
knots for which gst ≤ 1/2 holds.
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